Background
It is known that the graph of a group provides a method by which a group can be visualized; in many cases it suggests an economical algebraic proof for a result and it gives same information but in a much more efficient way (Magnus et al. 1966) . In this view, the idea of suborbital graph has been used mainly by finite group theorists.
After it was shown that this idea is also useful in the study of the modular group which is a finitely generated Fuchsian group (Jones et al. 1991) , some other finitely generated groups have been studied by suborbital graphs (see Akbaş and Başkan 1996; Akbaş 2001; Akbaş et al. 2013; Beşenk et al. 2013; Deger et al. 2011; Güler et al. 2011 Güler et al. , 2015 Kader et al. 2010; Kader and Güler 2013; Kesicioğlu et al. 2013; Keskin 2006; Kör et al. 2016) . In most of them, it has been emphasized the connection between elliptic elements in group and circuits of the same order in graph closely related with the signature problem.
On the other hand, interesting number theoretic results arise from suborbital graphs as follows:
• A shortest path in subgraphs can be expressed as a continued fraction (Jones et al. 1991 ); • A shortest path in trees of suborbital graphs is a special case of Pringsheim continued fraction (Deger et al. 2011 ); • The subgraph F 1,2 can be defined as a new kind of continued fraction and any irrational numbers has a unique F 1,2 expansion (Sarma et al. 2015 ); • The set of vertices of some suborbital graphs is strongly connected to the Fibonacci sequence .
In this light, we conclude that these graphs might be worth examining when just viewed from number theory aspect. In fact, it is well-known that modular groups have been studied much in number theory. The aim of this paper is to examine the action of the normalizer of Ŵ 0 (m) which produce some congruence equations with solutions. Actually, the suborbital graphs of the normalizer were studied for some special cases (see Güler et al. 2011; Kader et al. 2010; Keskin 2006) . In here, we take a different case that m will be of the form 3p 2 where p is prime number greater than or equal to 5.
Preliminaries
Let PSL(2, R) denote the group of all linear fractional transformations In terms of matrix representation, the elements of PSL(2, R) correspond to the matrices This is the automorphism group of the upper half plane H := {z ∈ C : Im(z) > 0}. Ŵ, the modular group which is also denoted by PSL(2, Z), is the subgroup of PSL(2, R) such that a, b, c and d are integers. It is one of the most well-known and important discrete groups.
Arithmetic subgroups are finite index subgroups of the modular group. An arithmetic subgroup is said to be congruence if it contains the kernel of a modulo m homomorphism from PSL(2, Z) to PSL(2, Z/mZ) for some positive integer m. Ŵ 0 (m) is the congruence subgroup of Ŵ with m|c.
We refer the interested reader to a number of sources (Kulkarni 1991; Miyake 1989; Schoeneberg 1974; Shimura 1971) which are also useful to follow the proofs in next section. Conway and Norton (1977) , the normalizer Nor(m) of Ŵ 0 (m) in PSL(2, R) consists exactly of matrices where e m h 2 and h is the largest divisor of 24 for which h 2 |m with understandings that the determinant e of the matrix is positive, and that r s means that r|s and (r, s/r) = 1 (r is called an exact divisor of s). Nor(m) is a Fuchsian group whose fundamental domain has finite area, so it has a signature consisting of the geometric invariants where g is the genus of the compactified quotient space, m 1 , . . . , m r are the periods of the elliptic elements and s is the parabolic class number. (
The action of Nor(m) on Q Every element of the extended set of rationals Q = Q ∪ {∞} can be represented as a reduced fraction x y , with x, y ∈ Z and (x, y) = 1; since x/y = −x/ − y, this presentation is not unique. We represented ∞ as Proof Since m is taken as the aforementioned case, the result is obvious by Lemma 1.
In this case, we will find a maximal subset of Q on which the normalizer acts transitively. Since Ŵ 0 (m) ⊂ Nor(m), we give more special case before our desired result to understand the situation better. We now give a Lemma as follows. The following known Theorem is also proved in the same paper. We will present a different proof for the sake of completeness. Proof The necessary part is obvious by Lemma 3. We must prove the converse. Suppose
Performing the multiplication of matrix T and a 1 b we have three equations in four variables k, ℓ, r and s as follows. are coprime. Therefore the equation has solutions r and ℓ. Consequently, we have obtained an element T (in fact, From the above we come to the following conclusion.
Corollary 6
The orbits of the action of Ŵ 0 (3p 2 ) on Q are Proof Let us denote the representatives of the orbits by a b as above. The possible values of b are 1, 3, p, 3p, p 2 , 3p 2 by Lemma 3. Hence, the number of non-conjugate classes of these orbits with Euler formula are 1 and p − 1 for 1, 3, p 2 , 3p 2 and p, 3p respectively. By Lemma 5, the result is obvious
Theorem 7
The orbits of the action of Nor(3p 2 ) on Q are as follows. Let l ∈ {1, 2, . . . , p − 1}. Then
Proof We prove only (1)-(a). The rest are done similarly. If T = ae b 3p 2 c de ∈ Nor(3p 2 ), then e = 1, 3, p 2 or 3p 2 .
(ii), (iii) and (iv) complete the proof Now we consider the imprimitivity of the action of Nor(3p 2 ) on Q (3p 2 ), beginning with a general discussion of primitivity of permutation groups.
Let (G, �) be a transitive permutation group, consisting of a group G acting on a set transitively. An equivalence relation ≈ on is called G-invariant if, whenever α, β ∈ � satisfy α ≈ β, then g(α) ≈ g(β) for all g ∈ G. The equivalence classes are called blocks.
We call (G, �) imprimitive if admits some G-invariant equivalence relation different from (i) the identity relation, α ≈ β if and only if α = β; (ii) the universal relation, α ≈ β for all α, β ∈ �.
Otherwise (G, �) is called primitive. These two relations are supposed to be trivial relations. Lemma 10 (Biggs and White 1979, Theorem 1.6.5) Let (G, �) be a transitive permutation group. Then (G, �) is primitive if and only if G α , the stabilizer of α ∈ �, is a maximal subgroup of G for each α ∈ �.
From the above Lemma we see that whenever, for some α, G α H G, then admits some G-invariant equivalence relation other than the trivial cases. Because of the transitivity, every element of has the form g(α) for some g ∈ G. Thus one of the non-trivial G-invariant equivalence relation on is given as follows:
The number of blocks ( equivalence classes ) is the index |G : H | and the block containing α is just the orbit H (α).
For applying the above to the case; let's take that Nor(3p 2 ), Q (3p 2 ),
and the stabilizer (Nor(3p 2 )) ∞ instead of G, , H
and G x . Clearly
Lemma 11 (Akbaş and Singerman 1990 , Proposition 2) The index
where ρ is the number of prime factors of
N /h 2 , τ = ( 3 2 ) ε 1 ( 4 3 ) ε 2 ,
Theorem 12 The blocks arising from the imprimitive action of the normalizer by above relation (3.2) have the form:
Proof First, we calculate the index |Nor(3p 2 ) : Ŵ 0 (3p 2 )| using Lemma 11. It is clear that h = 1 for N = 3p 2 . Furthermore, we have ρ = 2 and ε 1 = ε 2 = 0 in this case. Hence, it can be concluded that |Nor(3p 2 ) : Ŵ 0 (3p 2 )| = 4. Taking into account the definition of H 0 (3p 2 ), it is clear that H 0 (3p 2 ) = Ŵ 0 (3p 2 ) ∪ gŴ 0 (3p 2 ) for the element g of the form 3a b 3p 2 c 3d
. So, we have that |H 0 (3p 2 ) : Ŵ 0 (3p 2 )| = 2. Using the equation we have |Nor(3p 2 ) : H 0 (3p 2 )| = 2. So, the number of blocks is 2 by earlier comments. As we observed in Theorem 7, the orbit Q (3p 2 ) is divided into two blocks as taking into account orbit 1 1 under the action of g.
The suborbital graph of Nor(3p 2 ) and Q (3p 2 ) Sims (1967) introduced the idea of the suborbital graphs of a permutation group G acting on a set , these are graphs with vertex-set , on which G induces automorphisms. We summarize Sims'theory as follows: Let (G, �) be transitive permutation group. Then 
, then we will say that there exists an edge (γ → δ) in G(α, β). If α = β, the corresponding suborbital graph G(α, α), called the trivial suborbital graph, is self-paired: it consists of a loop based at each vertex α ∈ �. By a circuit of length m (or a closed edge path), we mean a sequence ν 1 → ν 2 → · · · → ν m → ν 1 such that ν i � = ν j for i � = j, where m ≥ 3. If m = 3, 4 and 6, then the circuit is called a triangle, a quadrilateral and a hexagon, respectively.
We now investigate the suborbital graphs for the action of Nor(3p 2 ) on Q (3p 2 ). Since the action of Nor(3p 2 ) on Q (3p 2 ) is transitive, Nor(3p 2 ) permutes the blocks transitively; so the subgraphs are all isomorphic. Hence it is sufficent to study with only one block. On the other hand, it is clear that each non-trivial suborbital graph contains a pair (∞, u/p 2 ) for some u/p 2 ∈Q(3p 2 ). We let F (∞, u/p 2 ) be the subgraph of G(∞, u/p 2 ) whose vertices form the block [∞] . Then there is an edge r/s → x/y in F (∞, u/p 2 ) if and only if (i) If p 2 |s but 3p 2 � | s, then x ≡ ∓3ur (mod p 2 ), y ≡ ∓3us (mod 3p 2 ), ry − sx = ∓p 2 (ii) If 3p 2 |s then x ≡ ∓ur (mod p 2 ), y ≡ ∓us (mod p 2 ), ry − sx = ∓p 2 Proof Assume first r s → x y is an edge in F (∞, u/p 2 ) and p 2 |s but 3p 2 � | s. Therefore there exists some T in the normalizer Nor(3p 2 ) such that T sends the pair (∞, u/p 2 ) to the pair (r / s, x / y), that is T (∞) = r/s and T (u/p 2 ) = x/y. Since 3p 2 � | s, T must be of the form
Theorem 13 (Edge condition) Let r/s and x/y be in the block
gives that r = (−1) i a and s = (−1) i p 2 c, for
Since the matrix 3a b p 2 c d has determinant 1 and (u, p 2 ) = 1, then (3au + bp 2 , p 2 cu + dp 2 ) = 1. Therefore (3au + bp 2 , 3p 2 cu + 3dp 2 ) = 1. So
That is, x = (−1) i+j 3au (mod p 2 ), y = (−1) i+j 3su (mod 3p 2 ). Finally, since we get ry − sx = ∓p 2 . This proves (i).
for j = 0, 1.
y be an edge in F (∞, u/p 2 ) and 3p 2 |s. In this case T must be of the
we get a = r and s = 3p 2 c, by taking i to be 0. Likewise, since
we have x ≡ ur(mod p 2 ) and y ≡ us(mod p 2 ) and that ry − sx = p 2 with j = 0. The case where i = 0 and j = 1 gives (b).
In the opposite direction we do calculations only for (i)(a). The others are likewise done. So suppose x ≡ 3ur (mod p 2 ), y ≡ 3us (mod 3p 2 ), ry − sx = p 2 , p 2 |s and 3p 2 � | s .
Therefore there exist b, d in Z such that x = 3ur + p 2 b and y = 3su + 3p 2 d. Since ry − sx = p 2 , we get 3rd − bs = 1, or 9rd − 3bs = 3. Hence the element T := 3r b 3s 3d
is not only in the normalizer Nor(3p 2 ), but also in H. It is obvious that T (∞) = r s and
Farey graph and subgraph F(∞, u/p 2 )
Now, let us represent the edges of F (∞, u/p 2 ) as hyperbolic geodesics in the upper halfplane H, that is, as Euclidean semi-circles or half-lines perpendicular to real line as in Jones and Singerman (1987) . To understand the situation better, we give the Farey graph and some its properties as follows:
Definition 14
The Farey graph, denoted by F, is defined as : the vertex ∞ is joined to the integers, while two rational numbers r/s and x/y (in reduced form) are adjacent in F if and only if r/s − x/y = ∓1, or equivalently if they are consecutive terms in some Farey sequence F m (consisting of the rationals x/y with |y| ≤ m, arranged in increasing order). See also Fig. 1 .
Lemma 15 (Jones et al. 1991, Corollary 4.2) No edges of F cross in H. Proof Let k be an integer such that r/s < k < x/y. Then r < sk and x > ky. Thus 1 = sx − ry > sx − sky = s(x − ky) ≥ s, which is a contradiction.
Theorem 17 No edges of the subgraph
Proof Without loss of generality, because of the transitive action, we can take the edges
y 2 p 2 and
y 2 p 2 , where all letters are positive integers. It is easily seen that x 1 y 2 p 2 − x 2 y 1 p 2 = −p 2 by Theorem 13.
and Lemma 16 complete the proof.
Results
Theorem 18 F (∞, u/p 2 ) has a self-paired edge iff 3u 2 ≡ −1 (mod p 2 ).
Proof Because of the transitive action, the form of self-paired edge can be taken of 1/0 → u/p 2 → 1/0. The condition follows immediately from the second edge by Theorem 13.
Theorem 19 F (∞, u/p 2 ) has no triangle or quadrilateral.
Proof We suppose that it has a triangle. Because of the transitive action, it must be of the form 1/0 → u/p 2 → x/3p 2 y → 1/0. But this contradicts Theorem 13 which says that both denominators of vertices of an edge having the form r s → x y are not divisible by 3 at the same time. We now suppose that it has a quadrilateral. It must be of the form 1/0 → u/p 2 → x/3p 2 y → k/p 2 → 1/0 by same reason. From second, third and fourth edges by Theorem 13, we have the equations; 3uy − x = −1, x − 3ky = −1 and 1 ≡ −3uk (mod p 2 ). Therefore we obtain a contradiction 3|2. 
Proof By Theorem 13, we obtain easily that
As an example, we can verify easily Proof Taking into account (3), we suppose that ϕ = 3a b 3p 2 c 3d is an elliptic element of order 6. It is known that a + d = ±1 for order 3, 4, 6. Since det = 3, we have 3a(±1 − a) ≡ 1(modp 2 ), that is 3a 2 ∓ 3a + 1 ≡ 1(modp 2 ). As (a, n) = 1, F (∞, u/p 2 ) contains a hexagon by above Theorem.
Conversely, we suppose that F (∞, u/p 2 ) contains a hexagon. Because of the transitive action, we have Hence we get the element ϕ := −3u (3u 2 ∓ 3u + 1)/p 2 −3p 2 3u + 3 .
Lemma 22 (Akbaş and Singerman 1990, Theorem 2) The periods of elliptic elements of Nor(m) may be 2, 3, 4, 6. Nor(m) has at most one period of order 6. It has a period of order 6 iff 3 m/h 2 and if p is an odd prime divisor of m/h 2 then p ≡ 1 (mod 3).
Corollary 23
The prime divisors p of 3u 2 ∓ 3u + 1, for any u ∈ Z, are of the form p ≡ 1 (mod 3).
Proof Let p a prime number and a divisor of 3u 2 ∓ 3u + 1 for any integer u. In this case, it is clear that Nor(3p) has the elliptic element −3u (3u 2 ∓ 3u + 1)/p −3p 3u + 3 of order 6 as in Nor(3p 2 ). We get p ≡ 1 (mod 3) by above Lemma.
Conclusions
Because this work combine different fields of mathematics such as algebra, geometry, group theory and number theory, it can be seen as an example of multidisciplinary approach which offer a new understanding of some situations. We show that we can produce solutions for some number theoretic problems using finite group theory once again. Taking into account the conjecture ) which is also confirmed for the simplest hexagonal case within non-transitive cases by this paper, the normalizer has a potential to suggest solutions for other congruence equations such as 8u 2 ∓ 4u + 1 ≡ 0 (mod p), 9u 2 ∓ 3u + 1 ≡ 0 (mod p), 27u 2 ∓ 9u + 1 ≡ 0 (mod p) etc.
